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I. INTRODUCTION 
In a paper by Miles and Williams [I] a method was developed for solving 
initial value problems for a certain class of partial differential equations 
with initial data of a restricted type. This method is applied here to solve 
a Cauchy problem for a generalized Euler-Poisson-Darboux (abbreviated 
EPD) equation 
L(u) = g +;$-Au-~0, 
where k and c are real parameters, K # --I, -3, -5,..., and A is the Laplace 
operator in the variables x1 , x2 ,..., x, . The initial conditions are prescribed 
on the hyperplane t = 0 
u(x, 0) = P(x), 46 0) = 0, (2) 
where P(x) is assumed to be a polyharmonic function of order p. Here 
x = (Xl , x, ,..‘, x,) and ut indicates first partial derivative with respect to t. 
From the result obtained we construct a solution of the auxiliary problem 
8% k au 
L’(u) = ata + ; at - Au = R(x, t) 
u(x, 0) = P(x), 4% 0) = 0, (4) 
where P(X) is as in (2) and R(x, t) is of the form R(x, t) = C%,, QS(x) t8. 
Each of the functions QS(x) is assumed to be polyharmonic of order I, . 
When k = 0 (1) reduces to the damped wave equation so that our result 
here includes that obtained by Miles and Williams [t] for G(x) = 0. Also 
our solution of (3), (4) contains the solution obtained by Miles [3] for k = 0. 
* This work was supported by NSF research grant GP-817. 
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The problem (l), (2) with c = 0 has been investigated for more general 
condition on P(x) in a number of papers, see for instance [4], [5J Recently 
M. N. Olevskii [6] treated a Cauchy problem for the generalization of (1) 
to an nth order differential equation with 11 parameters k, , k, ,..., k,-, , c, 
which incorporates (1) as a particular case (n = 2). However, for restricted 
initial data of the type stipulated in this paper, our solution assumes a much 
simpler form. 
2. SOLUTION OF (I), (2) FOR k # -1, -3,... 
By Theorem 1 of [I] problem (l), (2) has a solution of the form 
where u,(t) are determined by the system of Bessel equations 
u; + (k/t) u,,’ - cu,, = 0 
u; + (k/t) u,’ - cu, = u,ml , n = I ) 2,...,p 
with the conditions 
u,(O) = 1, u,‘(O) = 0; 
%(O> = 0, u,‘(O) = 0, n = 1, 2,...,p - 







” = l +8;l 2%! (k + l)(k + 3) .a* (k + 2s - 1) 
= r (yj(*j~1-““21(k&l),2(d;t) 
where I, denotes the modified Bessel function of order s. Since u. is an 
even function, and the differential recursion operator in (6) is also even, 
we conclude that all u, are even. Hence to determine u1 we assume 
Ul = t2 i Qp 
s-0 
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Using the conditions in (6) and (7) we find that 
m &2W2 
u1 =$go 2s+1S! (k + I)(k + 3) ***(k + 2s + 1) 
= F[(k + 1)/2] t’3-k)‘2 I 
2(3-?~)/2~(l+k)/4 w+1,,2(fiG 
Proceeding in this manner we obtain the general result 
co &28f2Tl 
UT1 = s;. 2”+“12! s! (k + 1) . . . (k + 2s + 2n - 1) 
I’[( 1 + k)/2] t(2n+1-k)/2 
= 2’2”+1-k’/%! C(k+2n-1)/4 ‘tk+2n-1),2 (6 9, 
(8) 
n = 1, 2,... ,p - 1 by induction. Clearly IC, satisfies (7); it also satisfies the 
recursion relation in (6) since 
u; + (kit) un, _ cu, = -f (2n + 24(2n + 2s + k - 1) C8t2s+2n-2 
s=,, 2”+“n! s! (k + 1) 1-a (k + 2n + 2s - 1) 
-2 p+1t2s+2n 
s--o 2”+“n! s! (k + 1) ... (k + 2n + 2s - 1) 
=i - 
(n + s) ce+2*--2 










= fl* 28+n-l(n _ 
&28+2n-2 
l)! S! (k + 1) a.. (k + 2n + 2s - 3) 
= u,-1 . 
Thus we have solved our first problem. 
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Now let us write our solution (5) in the form 
where JI1 denotes the function U, in (8) with the summation index starting 
from 1, instead of 0. This solution is unique for K > 0 (see [d], [A, [a), 
and remains valid for all k # -1, -3,..., and c. But uniqueness is lost for 
k < 0 because as pointed out by Weinstein any function of the type t1-ku2-k 
which vanishes together with its derivatives with respect to t may be added 
to a solution of the Cauchy problem. Here ua-k denotes the function u 
satisfying Eq. (1) with k replaced by 2 - k. 
When k = 0 (9) re d uces to the solution of the damped wave equation. 
This agree with the one obtained by Miles and Williams [2] when the 
hyperbolic functions involved in their solution are expressed in Maclaurin 
series. On the other hand, when c = 0 (9) takes the form 
U-l 
'(', t, = '(') +n;l 271~1 (k + l)(k(";';;" (k + 2,, - 1) ' (10) 
which solves the problem for the EPD equation treated in the papers [46]. 
Weinstein has shown that for the exceptional cases of the odd negative 
integral values of k, solutions of the EPD equation satisfying certain diffe- 
rentiability conditions exist only if the initial value function is polyharmonic 
of order (1 - k)/2. I n such cases he gave a solution which follows immediately 
from (10). Indeed, let k = -1, -3 ,... and let P(X) be polyharmonic of 
order (1 - k)/2. Then from (10) we have 
-(k-l)/2 
which is the formula given by Weinstein [6, (43)]. 
3. SOLUTION OF (3), (4) FOR k # -1, -3 ,... 
We now turn to the problem (3), (4). It suffices to find a solution of (3) 
which satisfies a vanishing initial data. For if V(X, t) is such a function, then 
from the principle of superposition it follows that U(X, t) + w(x, t) solves 
the problem (3), (4) with u(x, t) given by (10). 
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Consider first the case when R(x, t) = Q(x), where Q(x) is polyharmonic 
of order q. Let o,, , v1 ,..., vgp--l be the respective leading terms of ur, u2 ,..., U, , 
the u, being defined by (8); i.e., 
pw 
vn - 2”f1(n + l)! (k + l)(k + 3) *a* (k + 2n + 1) (12) 
n = 0, l,..., q - 1. Let V(X, t) = Czzi (d”Q) V~ . Then we assert that v(x, t) 
satisfies L’(v) = Q(x) and vanishes together with its first derivative with 
respect to t when t = 0. In fact we see that 
‘-I 
vtt + (k/t) vt - Av = C 
(A”Q)(Zn + 2)(2n + 1 + k) tam 
n=O 2”+l(n + I)! (k + 1) a** (k + 2n + 1) 
Q-l 
- 1 (A*+~Q) vn 
n4 
a-1 (A”Q) t2n 
= Q(x) ‘nTl 2mn! (k + 1) .*a (k + 2~ - 1) (13) 
Q-1 (A”Q) t2” 
-e;l 2%! (k + 1) a*. (k + 2n -1) 
= Q(x), 
Here we note that A@Q = 0. Further, since by (12) v(x, t) = O(t2), it follows 
that v(x, t) and vt(x, t) vanish when t = 0. 
In the case R(x, t) = Q(x) tS where s is any positive integer and Q is 
polyharmonic of order qs , it can be shown in similar fashion as in (13) that 
a-1 t2j+s+2 
w(x’t) =~;J2+r)(4+s)~~~(Zj+2(~~;k+1 +s)..*(k+2j+s + 1) 
(14) 
satisfies L’(w) = Q(x) t* and vanishes together with wt when t = 0. Hence 
in the general case it follows that 
(AjQ8) p+Z+s 
=~o~~~(2+s)(4+s)-~(2j+2+s)o+l ++.(k+2j+Wj 1 
Combining the functions in (10) and (15) we then obtain a solution of 
problem (3), (4) for all k # -1, -3,... and c. This solution is unique only 
if k 2 0. 
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When k = 0 we obtain the solution for the nonhomogeneous wave equation 
given by Miles [3]. 
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